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• In many applications we have large amounts of high-dimensional data from experiments or high-resolution simulations
• Dynamics may be very complex in space and time
• Modeling is computationally expensive and limits simulation-based design and control applications 

Complex dynamics with many degrees of freedom

Microstructure in a complex fluidTurbulent Fluid Flow

Aim: Data-based modeling of complex systems, especially in fluid mechanics –keeping only 
essential degrees of freedom.
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Data, dynamics, and manifolds

Manifold: generalization of curve or surface – can locally 
represent with Cartesian coords.

• Dynamics: invariant manifolds are surfaces in state space that 
trajectories stay on forever, and a stable manifold is 
approached by nearby trajectories
• Invariant manifolds organize dynamics and contain long-

time behavior
• Diffusion/viscosity à strong damping of short 

wavelengths à long-time dynamics of dissipative PDEs 
lie on a finite-dimensional invariant manifold

• Machine learning: “Manifold hypothesis”: idea that real-
world data in d dimensions lies on a manifold with far fewer 
dimensions – partial explanation for the success of neural 
networks to represent and classify data.

• Unless the data is very simple, we don’t know in advance the 
dimension on the manifold it lies on.

Manifold and local regions (”charts”) with 
their own coordinate representations

State space of a dynamical system with a stable manifold – 
arrows are trajectories

Initial conditions approaching a 
stable oscillatory solution (1D 
manifold)
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Data, dynamics, and symmetry

Exploiting symmetry enables more effective use of data

Independence of physical laws from units of measurements = a form of dilation 
symmetry  à dimensional analysis

Drag force, velocity, viscosity, density, diameter  à drag coefficient, Reynolds number

Periodic domain & translation equivariance
 à data can be separated into pattern and phase -- i.e. we don’t have to learn 
separate representations of the same pattern at different rotation angles

Symmetries in physical space lead to symmetries between different 
parts of state space 
à we only have to capture dynamics in part of state space and
symmetry gives us the rest 

Linot & G, PRE 2020, Zeng & G. PRE 2021, Perez de Jesus & G. 2023

Flow around a sphere

Duan et al Sci Rep 2015

State space for 
pendulum

State space for chaotic Kolmogorov flow
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Overall Aim: From data, efficiently/minimally approximate     and the dynamics on it for complex/chaotic processes
• Short-time predictions (always limited quantitatively for chaotic systems)
• Long-time statistics – overall “shape” of the dynamics in state space

Ø Coordinate transformations between full state space H and lower-dimensional manifold 
Ø Reduced description contains the essential structures of the flow -- autoencoders
Ø Combine clustering with local representations to obtain global minimal-dimensional representations

Ø ODE models for the dynamics on the manifold (again in neural network form)
o Respect Markovian nature of the original dynamical system 
o Allow effective use of widely spaced data – no time derivatives should need to be estimated from data

Ø Exploit continuous and discrete symmetries
Ø Allow for actuation and exploit low-dimensional representation for control
Ø Apply to complex flow problems – a particular target is drag reduction in wall turbulence

Other manifold-based approaches: Kevrekidis, Koumoutsakos, Haller,…

Overview: toward minimal data-driven models of complex dynamics
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“Data-driven manifold dynamics (DManD)”
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Basic Framework

Mapping to Manifold Coordinates (Autoencoder) Evolution in Manifold Coordinates (Neural ODE)
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ḣ = g(h)
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[u(t1), u(t2), ..., u(tM )]
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<latexit sha1_base64="sQGatydHm7Z/+4ducMNHJhyrDtU=">AAACA3icbZBPS8MwGMbT+W/Of1VvegkOYYNR2iHocejFizDBbUJXSpqlW1ialiQVxhh48at48aCIV7+EN7+NadeDbr4Q8uN53pfkfYKEUals+9sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi/sAScIoJx1FFSP3iSAoChjpBeOrzO89ECFpzO/UJCFehIachhQjpSXfPHJHNeU79UZ2NesNy7JyvKl7vlm1LTsvuAxOAVVQVNs3v/qDGKcR4QozJKXr2InypkgoihmZVfqpJAnCYzQkrkaOIiK9ab7DDJ5qZQDDWOjDFczV3xNTFEk5iQLdGSE1koteJv7nuakKL7wp5UmqCMfzh8KUQRXDLBA4oIJgxSYaEBZU/xXiERIIKx1bRYfgLK68DN2m5diWc3tWbV0WcZTBMTgBNeCAc9AC16ANOgCDR/AMXsGb8WS8GO/Gx7y1ZBQzh+BPGZ8/ZPOUyQ==</latexit><latexit sha1_base64="sQGatydHm7Z/+4ducMNHJhyrDtU=">AAACA3icbZBPS8MwGMbT+W/Of1VvegkOYYNR2iHocejFizDBbUJXSpqlW1ialiQVxhh48at48aCIV7+EN7+NadeDbr4Q8uN53pfkfYKEUals+9sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi/sAScIoJx1FFSP3iSAoChjpBeOrzO89ECFpzO/UJCFehIachhQjpSXfPHJHNeU79UZ2NesNy7JyvKl7vlm1LTsvuAxOAVVQVNs3v/qDGKcR4QozJKXr2InypkgoihmZVfqpJAnCYzQkrkaOIiK9ab7DDJ5qZQDDWOjDFczV3xNTFEk5iQLdGSE1koteJv7nuakKL7wp5UmqCMfzh8KUQRXDLBA4oIJgxSYaEBZU/xXiERIIKx1bRYfgLK68DN2m5diWc3tWbV0WcZTBMTgBNeCAc9AC16ANOgCDR/AMXsGb8WS8GO/Gx7y1ZBQzh+BPGZ8/ZPOUyQ==</latexit><latexit sha1_base64="sQGatydHm7Z/+4ducMNHJhyrDtU=">AAACA3icbZBPS8MwGMbT+W/Of1VvegkOYYNR2iHocejFizDBbUJXSpqlW1ialiQVxhh48at48aCIV7+EN7+NadeDbr4Q8uN53pfkfYKEUals+9sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi/sAScIoJx1FFSP3iSAoChjpBeOrzO89ECFpzO/UJCFehIachhQjpSXfPHJHNeU79UZ2NesNy7JyvKl7vlm1LTsvuAxOAVVQVNs3v/qDGKcR4QozJKXr2InypkgoihmZVfqpJAnCYzQkrkaOIiK9ab7DDJ5qZQDDWOjDFczV3xNTFEk5iQLdGSE1koteJv7nuakKL7wp5UmqCMfzh8KUQRXDLBA4oIJgxSYaEBZU/xXiERIIKx1bRYfgLK68DN2m5diWc3tWbV0WcZTBMTgBNeCAc9AC16ANOgCDR/AMXsGb8WS8GO/Gx7y1ZBQzh+BPGZ8/ZPOUyQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="WNgC6/BFbx5ygqkAl0TCq+nrTFM=">AAAB+HicbZBNS8MwHMb/9XXOqdWjXopD2GCUdhc9Cl68CBPcC3SlpFm6haVpSVJhlIEXv4oXD4r4Sbz5bUy7HXTzgZAfz5OQ/J8wZVQqx/k2Nja3tnd2K3vV/drB4ZF5XOvJJBOYdHHCEjEIkSSMctJVVDEySAVBcchIP5zeFHn/kQhJE/6gZinxYzTmNKIYKW0F5qk3aajAbbaKrd1s2bZd4l3TD8y6YzulrHVwl1CHpTqB+TUcJTiLCVeYISk910mVnyOhKGZkXh1mkqQIT9GYeBo5ion083KGuXWhnZEVJUIvrqzS/X0jR7GUszjUJ2OkJnI1K8z/Mi9T0ZWfU55minC8eCjKmKUSqyjEGlFBsGIzDQgLqv9q4QkSCCtdW1WX4K6OvA69tu06tnvvQAXO4Bwa4MIlXMMtdKALGJ7gBd7g3Xg2Xo2PRV0bxrK3E/gj4/MH/0mTWw==</latexit><latexit sha1_base64="WNgC6/BFbx5ygqkAl0TCq+nrTFM=">AAAB+HicbZBNS8MwHMb/9XXOqdWjXopD2GCUdhc9Cl68CBPcC3SlpFm6haVpSVJhlIEXv4oXD4r4Sbz5bUy7HXTzgZAfz5OQ/J8wZVQqx/k2Nja3tnd2K3vV/drB4ZF5XOvJJBOYdHHCEjEIkSSMctJVVDEySAVBcchIP5zeFHn/kQhJE/6gZinxYzTmNKIYKW0F5qk3aajAbbaKrd1s2bZd4l3TD8y6YzulrHVwl1CHpTqB+TUcJTiLCVeYISk910mVnyOhKGZkXh1mkqQIT9GYeBo5ion083KGuXWhnZEVJUIvrqzS/X0jR7GUszjUJ2OkJnI1K8z/Mi9T0ZWfU55minC8eCjKmKUSqyjEGlFBsGIzDQgLqv9q4QkSCCtdW1WX4K6OvA69tu06tnvvQAXO4Bwa4MIlXMMtdKALGJ7gBd7g3Xg2Xo2PRV0bxrK3E/gj4/MH/0mTWw==</latexit><latexit sha1_base64="AJZwFEILTNRj+zt0SrYUbdSVdik=">AAACA3icbZBNS8MwGMfT+TbnW9WbXoJD2GCUdhc9Dr14ESa4F9hKSbN0C0vTkqTCKAMvfhUvHhTx6pfw5rcx7XrQzQdCfvz/z0Py/P2YUals+9sora1vbG6Vtys7u3v7B+bhUVdGicCkgyMWib6PJGGUk46iipF+LAgKfUZ6/vQ683sPREga8Xs1i4kbojGnAcVIackzTwaTmvKceiO7mvWGZVk53tZdz6zalp0XXAWngCooqu2ZX8NRhJOQcIUZknLg2LFyUyQUxYzMK8NEkhjhKRqTgUaOQiLdNN9hDs+1MoJBJPThCubq74kUhVLOQl93hkhN5LKXif95g0QFl25KeZwowvHioSBhUEUwCwSOqCBYsZkGhAXVf4V4ggTCSsdW0SE4yyuvQrdpObbl3NnV1lURRxmcgjNQAw64AC1wA9qgAzB4BM/gFbwZT8aL8W58LFpLRjFzDP6U8fkDY7OUxQ==</latexit><latexit sha1_base64="sQGatydHm7Z/+4ducMNHJhyrDtU=">AAACA3icbZBPS8MwGMbT+W/Of1VvegkOYYNR2iHocejFizDBbUJXSpqlW1ialiQVxhh48at48aCIV7+EN7+NadeDbr4Q8uN53pfkfYKEUals+9sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi/sAScIoJx1FFSP3iSAoChjpBeOrzO89ECFpzO/UJCFehIachhQjpSXfPHJHNeU79UZ2NesNy7JyvKl7vlm1LTsvuAxOAVVQVNs3v/qDGKcR4QozJKXr2InypkgoihmZVfqpJAnCYzQkrkaOIiK9ab7DDJ5qZQDDWOjDFczV3xNTFEk5iQLdGSE1koteJv7nuakKL7wp5UmqCMfzh8KUQRXDLBA4oIJgxSYaEBZU/xXiERIIKx1bRYfgLK68DN2m5diWc3tWbV0WcZTBMTgBNeCAc9AC16ANOgCDR/AMXsGb8WS8GO/Gx7y1ZBQzh+BPGZ8/ZPOUyQ==</latexit><latexit sha1_base64="sQGatydHm7Z/+4ducMNHJhyrDtU=">AAACA3icbZBPS8MwGMbT+W/Of1VvegkOYYNR2iHocejFizDBbUJXSpqlW1ialiQVxhh48at48aCIV7+EN7+NadeDbr4Q8uN53pfkfYKEUals+9sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi/sAScIoJx1FFSP3iSAoChjpBeOrzO89ECFpzO/UJCFehIachhQjpSXfPHJHNeU79UZ2NesNy7JyvKl7vlm1LTsvuAxOAVVQVNs3v/qDGKcR4QozJKXr2InypkgoihmZVfqpJAnCYzQkrkaOIiK9ab7DDJ5qZQDDWOjDFczV3xNTFEk5iQLdGSE1koteJv7nuakKL7wp5UmqCMfzh8KUQRXDLBA4oIJgxSYaEBZU/xXiERIIKx1bRYfgLK68DN2m5diWc3tWbV0WcZTBMTgBNeCAc9AC16ANOgCDR/AMXsGb8WS8GO/Gx7y1ZBQzh+BPGZ8/ZPOUyQ==</latexit><latexit sha1_base64="sQGatydHm7Z/+4ducMNHJhyrDtU=">AAACA3icbZBPS8MwGMbT+W/Of1VvegkOYYNR2iHocejFizDBbUJXSpqlW1ialiQVxhh48at48aCIV7+EN7+NadeDbr4Q8uN53pfkfYKEUals+9sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi/sAScIoJx1FFSP3iSAoChjpBeOrzO89ECFpzO/UJCFehIachhQjpSXfPHJHNeU79UZ2NesNy7JyvKl7vlm1LTsvuAxOAVVQVNs3v/qDGKcR4QozJKXr2InypkgoihmZVfqpJAnCYzQkrkaOIiK9ab7DDJ5qZQDDWOjDFczV3xNTFEk5iQLdGSE1koteJv7nuakKL7wp5UmqCMfzh8KUQRXDLBA4oIJgxSYaEBZU/xXiERIIKx1bRYfgLK68DN2m5diWc3tWbV0WcZTBMTgBNeCAc9AC16ANOgCDR/AMXsGb8WS8GO/Gx7y1ZBQzh+BPGZ8/ZPOUyQ==</latexit><latexit sha1_base64="sQGatydHm7Z/+4ducMNHJhyrDtU=">AAACA3icbZBPS8MwGMbT+W/Of1VvegkOYYNR2iHocejFizDBbUJXSpqlW1ialiQVxhh48at48aCIV7+EN7+NadeDbr4Q8uN53pfkfYKEUals+9sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi/sAScIoJx1FFSP3iSAoChjpBeOrzO89ECFpzO/UJCFehIachhQjpSXfPHJHNeU79UZ2NesNy7JyvKl7vlm1LTsvuAxOAVVQVNs3v/qDGKcR4QozJKXr2InypkgoihmZVfqpJAnCYzQkrkaOIiK9ab7DDJ5qZQDDWOjDFczV3xNTFEk5iQLdGSE1koteJv7nuakKL7wp5UmqCMfzh8KUQRXDLBA4oIJgxSYaEBZU/xXiERIIKx1bRYfgLK68DN2m5diWc3tWbV0WcZTBMTgBNeCAc9AC16ANOgCDR/AMXsGb8WS8GO/Gx7y1ZBQzh+BPGZ8/ZPOUyQ==</latexit><latexit sha1_base64="sQGatydHm7Z/+4ducMNHJhyrDtU=">AAACA3icbZBPS8MwGMbT+W/Of1VvegkOYYNR2iHocejFizDBbUJXSpqlW1ialiQVxhh48at48aCIV7+EN7+NadeDbr4Q8uN53pfkfYKEUals+9sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi/sAScIoJx1FFSP3iSAoChjpBeOrzO89ECFpzO/UJCFehIachhQjpSXfPHJHNeU79UZ2NesNy7JyvKl7vlm1LTsvuAxOAVVQVNs3v/qDGKcR4QozJKXr2InypkgoihmZVfqpJAnCYzQkrkaOIiK9ab7DDJ5qZQDDWOjDFczV3xNTFEk5iQLdGSE1koteJv7nuakKL7wp5UmqCMfzh8KUQRXDLBA4oIJgxSYaEBZU/xXiERIIKx1bRYfgLK68DN2m5diWc3tWbV0WcZTBMTgBNeCAc9AC16ANOgCDR/AMXsGb8WS8GO/Gx7y1ZBQzh+BPGZ8/ZPOUyQ==</latexit><latexit sha1_base64="sQGatydHm7Z/+4ducMNHJhyrDtU=">AAACA3icbZBPS8MwGMbT+W/Of1VvegkOYYNR2iHocejFizDBbUJXSpqlW1ialiQVxhh48at48aCIV7+EN7+NadeDbr4Q8uN53pfkfYKEUals+9sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi/sAScIoJx1FFSP3iSAoChjpBeOrzO89ECFpzO/UJCFehIachhQjpSXfPHJHNeU79UZ2NesNy7JyvKl7vlm1LTsvuAxOAVVQVNs3v/qDGKcR4QozJKXr2InypkgoihmZVfqpJAnCYzQkrkaOIiK9ab7DDJ5qZQDDWOjDFczV3xNTFEk5iQLdGSE1koteJv7nuakKL7wp5UmqCMfzh8KUQRXDLBA4oIJgxSYaEBZU/xXiERIIKx1bRYfgLK68DN2m5diWc3tWbV0WcZTBMTgBNeCAc9AC16ANOgCDR/AMXsGb8WS8GO/Gx7y1ZBQzh+BPGZ8/ZPOUyQ==</latexit>

[h(t1 + ⌧), h(t2 + ⌧), ..., h(tM + ⌧)]
<latexit sha1_base64="r6Z+XpvL/tMFwJzPC4kS66E5nVs=">AAACEnicbZBLS8NAEMc39VXrK+rRS7AILUpIiqDHohcvQgX7gDSEzXbTLt082J0IJfQzePGrePGgiFdP3vw2btoctHVg4Tf/mWF2/n7CmQTL+tZKK6tr6xvlzcrW9s7unr5/0JFxKghtk5jHoudjSTmLaBsYcNpLBMWhz2nXH1/n9e4DFZLF0T1MEuqGeBixgBEMSvL0ujOqgWef9gGn9bOcGwWbpjnLb+e56+lVy7RmYSyDXUAVFdHy9K/+ICZpSCMgHEvp2FYCboYFMMLptNJPJU0wGeMhdRRGOKTSzWYnTY0TpQyMIBbqRWDM1N8TGQ6lnIS+6gwxjORiLRf/qzkpBJduxqIkBRqR+aIg5QbERu6PMWCCEuATBZgIpv5qkBEWmIBysaJMsBdPXoZOw7Qt0747rzavCjvK6Agdoxqy0QVqohvUQm1E0CN6Rq/oTXvSXrR37WPeWtKKmUP0J7TPH3iKmtI=</latexit><latexit sha1_base64="r6Z+XpvL/tMFwJzPC4kS66E5nVs=">AAACEnicbZBLS8NAEMc39VXrK+rRS7AILUpIiqDHohcvQgX7gDSEzXbTLt082J0IJfQzePGrePGgiFdP3vw2btoctHVg4Tf/mWF2/n7CmQTL+tZKK6tr6xvlzcrW9s7unr5/0JFxKghtk5jHoudjSTmLaBsYcNpLBMWhz2nXH1/n9e4DFZLF0T1MEuqGeBixgBEMSvL0ujOqgWef9gGn9bOcGwWbpjnLb+e56+lVy7RmYSyDXUAVFdHy9K/+ICZpSCMgHEvp2FYCboYFMMLptNJPJU0wGeMhdRRGOKTSzWYnTY0TpQyMIBbqRWDM1N8TGQ6lnIS+6gwxjORiLRf/qzkpBJduxqIkBRqR+aIg5QbERu6PMWCCEuATBZgIpv5qkBEWmIBysaJMsBdPXoZOw7Qt0747rzavCjvK6Agdoxqy0QVqohvUQm1E0CN6Rq/oTXvSXrR37WPeWtKKmUP0J7TPH3iKmtI=</latexit><latexit sha1_base64="r6Z+XpvL/tMFwJzPC4kS66E5nVs=">AAACEnicbZBLS8NAEMc39VXrK+rRS7AILUpIiqDHohcvQgX7gDSEzXbTLt082J0IJfQzePGrePGgiFdP3vw2btoctHVg4Tf/mWF2/n7CmQTL+tZKK6tr6xvlzcrW9s7unr5/0JFxKghtk5jHoudjSTmLaBsYcNpLBMWhz2nXH1/n9e4DFZLF0T1MEuqGeBixgBEMSvL0ujOqgWef9gGn9bOcGwWbpjnLb+e56+lVy7RmYSyDXUAVFdHy9K/+ICZpSCMgHEvp2FYCboYFMMLptNJPJU0wGeMhdRRGOKTSzWYnTY0TpQyMIBbqRWDM1N8TGQ6lnIS+6gwxjORiLRf/qzkpBJduxqIkBRqR+aIg5QbERu6PMWCCEuATBZgIpv5qkBEWmIBysaJMsBdPXoZOw7Qt0747rzavCjvK6Agdoxqy0QVqohvUQm1E0CN6Rq/oTXvSXrR37WPeWtKKmUP0J7TPH3iKmtI=</latexit><latexit sha1_base64="r6Z+XpvL/tMFwJzPC4kS66E5nVs=">AAACEnicbZBLS8NAEMc39VXrK+rRS7AILUpIiqDHohcvQgX7gDSEzXbTLt082J0IJfQzePGrePGgiFdP3vw2btoctHVg4Tf/mWF2/n7CmQTL+tZKK6tr6xvlzcrW9s7unr5/0JFxKghtk5jHoudjSTmLaBsYcNpLBMWhz2nXH1/n9e4DFZLF0T1MEuqGeBixgBEMSvL0ujOqgWef9gGn9bOcGwWbpjnLb+e56+lVy7RmYSyDXUAVFdHy9K/+ICZpSCMgHEvp2FYCboYFMMLptNJPJU0wGeMhdRRGOKTSzWYnTY0TpQyMIBbqRWDM1N8TGQ6lnIS+6gwxjORiLRf/qzkpBJduxqIkBRqR+aIg5QbERu6PMWCCEuATBZgIpv5qkBEWmIBysaJMsBdPXoZOw7Qt0747rzavCjvK6Agdoxqy0QVqohvUQm1E0CN6Rq/oTXvSXrR37WPeWtKKmUP0J7TPH3iKmtI=</latexit>

[u(t1), u(t2), ..., u(tM )]
<latexit sha1_base64="CSRsN6cnYwz6CMB3rlSOvmBzv2M=">AAACA3icbZBPS8MwGMbT+W/Of1VvegkOYYNR2iHocejFizDBbUJXSpqlW1ialiQVxhh48at48aCIV7+EN7+NadeDbr4Q8uN53pfkfYKEUals+9sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi/sAScIoJx1FFSP3iSAoChjpBeOrzO89ECFpzO/UJCFehIachhQjpSXfPHLTmvKdeiO7mvWGZVk53tQ936zalp0XXAangCooqu2bX/1BjNOIcIUZktJ17ER5UyQUxYzMKv1UkgThMRoSVyNHEZHeNN9hBk+1MoBhLPThCubq74kpiqScRIHujJAayUUvE//z3FSFF96U8iRVhOP5Q2HKoIphFggcUEGwYhMNCAuq/wrxCAmElY6tokNwFldehm7TcmzLuT2rti6LOMrgGJyAGnDAOWiBa9AGHYDBI3gGr+DNeDJejHfjY95aMoqZQ/CnjM8fonKU8A==</latexit><latexit sha1_base64="CSRsN6cnYwz6CMB3rlSOvmBzv2M=">AAACA3icbZBPS8MwGMbT+W/Of1VvegkOYYNR2iHocejFizDBbUJXSpqlW1ialiQVxhh48at48aCIV7+EN7+NadeDbr4Q8uN53pfkfYKEUals+9sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi/sAScIoJx1FFSP3iSAoChjpBeOrzO89ECFpzO/UJCFehIachhQjpSXfPHLTmvKdeiO7mvWGZVk53tQ936zalp0XXAangCooqu2bX/1BjNOIcIUZktJ17ER5UyQUxYzMKv1UkgThMRoSVyNHEZHeNN9hBk+1MoBhLPThCubq74kpiqScRIHujJAayUUvE//z3FSFF96U8iRVhOP5Q2HKoIphFggcUEGwYhMNCAuq/wrxCAmElY6tokNwFldehm7TcmzLuT2rti6LOMrgGJyAGnDAOWiBa9AGHYDBI3gGr+DNeDJejHfjY95aMoqZQ/CnjM8fonKU8A==</latexit><latexit sha1_base64="CSRsN6cnYwz6CMB3rlSOvmBzv2M=">AAACA3icbZBPS8MwGMbT+W/Of1VvegkOYYNR2iHocejFizDBbUJXSpqlW1ialiQVxhh48at48aCIV7+EN7+NadeDbr4Q8uN53pfkfYKEUals+9sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi/sAScIoJx1FFSP3iSAoChjpBeOrzO89ECFpzO/UJCFehIachhQjpSXfPHLTmvKdeiO7mvWGZVk53tQ936zalp0XXAangCooqu2bX/1BjNOIcIUZktJ17ER5UyQUxYzMKv1UkgThMRoSVyNHEZHeNN9hBk+1MoBhLPThCubq74kpiqScRIHujJAayUUvE//z3FSFF96U8iRVhOP5Q2HKoIphFggcUEGwYhMNCAuq/wrxCAmElY6tokNwFldehm7TcmzLuT2rti6LOMrgGJyAGnDAOWiBa9AGHYDBI3gGr+DNeDJejHfjY95aMoqZQ/CnjM8fonKU8A==</latexit><latexit sha1_base64="CSRsN6cnYwz6CMB3rlSOvmBzv2M=">AAACA3icbZBPS8MwGMbT+W/Of1VvegkOYYNR2iHocejFizDBbUJXSpqlW1ialiQVxhh48at48aCIV7+EN7+NadeDbr4Q8uN53pfkfYKEUals+9sorayurW+UNytb2zu7e+b+QVfGqcCkg2MWi/sAScIoJx1FFSP3iSAoChjpBeOrzO89ECFpzO/UJCFehIachhQjpSXfPHLTmvKdeiO7mvWGZVk53tQ936zalp0XXAangCooqu2bX/1BjNOIcIUZktJ17ER5UyQUxYzMKv1UkgThMRoSVyNHEZHeNN9hBk+1MoBhLPThCubq74kpiqScRIHujJAayUUvE//z3FSFF96U8iRVhOP5Q2HKoIphFggcUEGwYhMNCAuq/wrxCAmElY6tokNwFldehm7TcmzLuT2rti6LOMrgGJyAGnDAOWiBa9AGHYDBI3gGr+DNeDJejHfjY95aMoqZQ/CnjM8fonKU8A==</latexit>

Input

Output

Data Data (already processed through autoencoder)

Linot and G., PRE (2020), Chaos (2022). Perez De Jesus and G. PRF (2023) Chen et al., NeurIPS (2018)

Loss min
✓1,✓2

PM
i ||ui � �̌(�(ui; ✓1); ✓2)||2

<latexit sha1_base64="ST+ES2Ok4C7eKdNgYMSEIUxJ8gQ="></latexit><latexit sha1_base64="ST+ES2Ok4C7eKdNgYMSEIUxJ8gQ="></latexit><latexit sha1_base64="ST+ES2Ok4C7eKdNgYMSEIUxJ8gQ="></latexit><latexit sha1_base64="ST+ES2Ok4C7eKdNgYMSEIUxJ8gQ="></latexit>

NN parameters

Loss

NN parameters
Prediction 

<latexit sha1_base64="maGWPEeF4iQQX8GYDiwtYcEcqHo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDabTbt0swm7E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTju5nfeeLaiEQ94iTlfkyHSkSCUbRSr49ChjzPpgMxqNbcujsHWSVeQWpQoDmofvXDhGUxV8gkNabnuSn6OdUomOTTSj8zPKVsTIe8Z6miMTd+Pj95Ss6sEpIo0bYUkrn6eyKnsTGTOLCdMcWRWfZm4n9eL8Poxs+FSjPkii0WRZkkmJDZ/yQUmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdu6pfPlzWGrdFHGU4gVM4Bw+uoQH30IQWMEjgGV7hzUHnxXl3PhatJaeYOYY/cD5/AMLqkZQ=</latexit>

ũi

<latexit sha1_base64="T4aWpHhJ5345SXviIdMEC/XeZ3M=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5WgChgrWBgLog+pCZXjuq1Vx4lsB1SFfgoLAwix8iVs/A1OmwFajmTp6Jx7dY9PEHOmtON8W4WV1bX1jeJmaWt7Z3fPLu+3VJRIQpsk4pHsBFhRzgRtaqY57cSS4jDgtB2MrzK//UClYpG405OY+iEeCjZgBGsj9exy4jGBvBDrURCkt9P7fs+uOFVnBrRM3JxUIEejZ395/YgkIRWacKxU13Vi7adYakY4nZa8RNEYkzEe0q6hAodU+eks+hQdG6WPBpE0T2g0U39vpDhUahIGZjLLqBa9TPzP6yZ6cOGnTMSJpoLMDw0SjnSEsh5Qn0lKNJ8YgolkJisiIywx0aatkinBXfzyMmmdVt2zau2mVqlf5nUU4RCO4ARcOIc6XEMDmkDgEZ7hFd6sJ+vFerc+5qMFK985gD+wPn8ANrST/A==</latexit>

u 2 Rd
<latexit sha1_base64="8J0hq+U1Z83Y11EyJNSPmIPjtIM=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExoCpBFSCxVLAwFkQfUhMqx3Faq44T2Q5SFWVm4VdYGECIlS9g429w2gzQciTrHp1zr3zv8WJGpbKsb6O0sLi0vFJeraytb2xumds7bRklApMWjlgkuh6ShFFOWooqRrqxICj0GOl4o6vc7zwQIWnE79Q4Jm6IBpwGFCOlpb65P3Qoh06I1NDz0tvsPvX7w+zYuYC6OozpYlatmjUBnCd2QaqgQLNvfjl+hJOQcIUZkrJnW7FyUyQUxYxkFSeRJEZ4hAakpylHIZFuOjklg4da8WEQCf24ghP190SKQinHoac7853lrJeL/3m9RAXnbkp5nCjC8fSjIGFQRTDPBfpUEKzYWBOEBdW7QjxEAmGl06voEOzZk+dJ+6Rmn9bqN/Vq47KIowz2wAE4AjY4Aw1wDZqgBTB4BM/gFbwZT8aL8W58TFtLRjGzC/7A+PwBZ3SaFA==</latexit>

h 2 Rdh , dh ⌧ d

• It can be advantageous to work in the PCA basis  -- 
efficiency, interpretability

• Symmetry reduction (split out spatial phase from pattern) 
improves representation

• To determine gradient of loss
• Treat ODE as constraint, use adjoint method
• Or just do automatic differentiation through an 

ODE solver
• Adding an explicit dissipative term can stabilize 

(Linot et al 2023)

Time-integration of ODE 
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Data-driven manifold dynamics of turbulent 
Couette flow
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Minimal turbulent Couette flow: the essence of near-wall turbulence

Streamwise velocity evolutionTurbulence near walls has a universal basic structure:
• Quasistreamwise vortices
• Low- and high-speed streaks as slow- and fast-moving fluid 

is carried around by the vortices
• “Streak breakdown” events with strong three-

dimensionality
• Characteristic spacing in units based on wall shear stress

Pipe flow
(Ceci et al 2021)

Couette 
flow

Plane Couette flow at low Reynolds number in small domains is 
the minimal physical system that displays this structure:
• “Minimal flow unit” (MFU) (Hamilton, Kim, Waleffe 1995)
• Fully resolved simulation (32x35x32x3)=105 dimensions at 

Re=400

What’s the actual minimal number of dimensions required to capture this flow?
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Manifold dynamics: plane Couette flow (105 è 18 dimensions)

Short-time predictions

Linot & G. JFM (2023)

DManD

DNS

Long-time statistics

RMS POD mode amplitudes 
(dh=18)

POD-Galerkin (i.e data + governing 
equation) (Gibson 2002)

Reliably tracks dynamics through “streak 
breakdown” process that characterizes 
intermittent behavior in near-wall turbulence

Phase dynamics – including “diffusion” of streak 
pattern – is captured

Much better performance than POD Galerkin

Reynolds stresses Leading Lyapunov exponents



10

DManD with local representations and models



grahamgroup.wiscweb.wisc.edu 11

Global intrinsic-dimensional representation of a manifold

Working representation of a manifold: an atlas of charts 

Chart: 2 ingredients
1. An open subset of ℳ (the coordinate domain 𝑈)
2. A continuous, one-to-one map 𝜙 taking us from 𝑈 ⊆ ℳ ⊆

ℝ! to 𝜙(𝑈) ⊆ ℝ"
Atlas: a collection of charts whose (Cartesian) coordinate domains 
cover ℳ

Example: global Cartesian representation of a torus is not possible 
in two dimensions – need to embed in 3D.

Why complicate our lives with this more complex representation?
• Necessary for minimal-dimension representation of an arbitrary manifold (e.g. torus) – any standard 

global manifold representation is a “one-chart” method and cannot be minimal-dimensional in general
• Advantageous for systems with complex dynamics such as intermittency – different structure to dynamics 

in different parts of state space
• Natural formalism for systems with discrete symmetries – charts related by symmetry operations

“Charts and Atlases for Nonlinear Data-Driven Dynamics on Manifolds = CANDyMan” Floryan & G. Nature Mach Int 2022, Fox et al, PRE (2023), Perez De Jesus et al ArXiv (2023)

1. Patch the manifold into overlapping coordinate domains 
(k-means clustering)

2. For each patch, train an autoencoder 
3. For each patch, train a neural network to learn dynamics 

in reduced space
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A challenging problem: bursting dynamics of a PDE

0 50 100 150
0

6 6

0

-6

0 50 100 150
-6

0

66

0

Data from Kuramoto-Sivashinsky equation

3-dimensional dynamical model

Atlas with 
6 charts

Key challenges:
• Disparate time scales: fast bursts 

between quiescent cells
• Very thin state space structure
• Sensitive, non-periodic dynamics

CANDyMan:
• Captures structure of attractor in 3D 

model
• The only quantitative discrepancy is the 

length of the quiescent portions
• Sensitivity of quiescent periods to 

model error arises from logarithmic 
divergence of time spent near saddle 
points

“One-chart” method fails badly even at 6 
dimensions – cannot capture shape of 
attractor
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How many dimensions?
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Formulation: IRMAE-WD

Framework automatically learns a latent space to span 
only the ~minimal necessary directions needed to 

parameterize the data:

[1]: Arora et al., Neurips 2019
[2]: Gunasekar et al., Neurips 2019
[3]: Jing et al., Neurips 2020
[4]: Mousavi-Hosseini et al., ArXiv 2022

Framework utilizes several low-rank driving forces:
• Implicit regularization[1,2,3]: internal linear layers 

drive/accelerate convergence to low rank latent space
• Weight decay 𝜆 [4]: breaks degeneracies in SGD dynamics 

introduced by linear layers —prevents "drift" of trailing 
singular values

Performing PCA on the learned latent space yields:
• Manifold dimension: singular value spectra of covariance
• Manifold coordinates: singular vectors

<latexit sha1_base64="JY4xqaTzOFih+O+QEfCewS1O8ts="></latexit>

L(u; ✓E , ✓D) = h||u�D(E(u; ✓E); ✓D)||2i+ �

2
kwk2p

Classical autoencoder (AE)

Only need to train one model to estimate 𝒅𝓜, whereas 
other AE methods require training an array of models

<latexit sha1_base64="K7clWiVvn/69pAxQotrDi4CLpyU=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7APaWCaTSTt0Mokzk0IJ/Q43LhRx68e482+ctFlo64GBwzn3cs8cL+ZMadv+tgpr6xubW8Xt0s7u3v5B+fCoraJEEtoiEY9k18OKciZoSzPNaTeWFIcepx1vfJP5nQmVikXiQU9j6oZ4KFjACNZGcvsh1iPPS+9nj35pUK7YVXsOtEqcnFQgR3NQ/ur7EUlCKjThWKmeY8faTbHUjHA6K/UTRWNMxnhIe4YKHFLlpvPQM3RmFB8FkTRPaDRXf2+kOFRqGnpmMguplr1M/M/rJTq4clMm4kRTQRaHgoQjHaGsAeQzSYnmU0MwkcxkRWSEJSba9JSV4Cx/eZW0L6pOvVq7q1Ua13kdRTiBUzgHBy6hAbfQhBYQeIJneIU3a2K9WO/Wx2K0YOU7x/AH1ucPcd+R5Q==</latexit>

Rd
<latexit sha1_base64="8Hdo783WU9aqe4R8hVdRltKXgEo=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgqiRS1GXRjcsq9gFtDJPJtB06mYSZiVJiPsWNC0Xc+iXu/BsnbRbaemDgcM693DPHjxmVyra/jdLK6tr6RnmzsrW9s7tnVvc7MkoEJm0csUj0fCQJo5y0FVWM9GJBUOgz0vUnV7nffSBC0ojfqWlM3BCNOB1SjJSWPLM6CJEa+356m92ngTfOKp5Zs+v2DNYycQpSgwItz/waBBFOQsIVZkjKvmPHyk2RUBQzklUGiSQxwhM0In1NOQqJdNNZ9Mw61kpgDSOhH1fWTP29kaJQymno68k8qFz0cvE/r5+o4YWbUh4ninA8PzRMmKUiK+/BCqggWLGpJggLqrNaeIwEwkq3lZfgLH55mXRO685ZvXHTqDUvizrKcAhHcAIOnEMTrqEFbcDwCM/wCm/Gk/FivBsf89GSUewcwB8Ynz87S5P9</latexit>

Rdh
<latexit sha1_base64="K7clWiVvn/69pAxQotrDi4CLpyU=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7APaWCaTSTt0Mokzk0IJ/Q43LhRx68e482+ctFlo64GBwzn3cs8cL+ZMadv+tgpr6xubW8Xt0s7u3v5B+fCoraJEEtoiEY9k18OKciZoSzPNaTeWFIcepx1vfJP5nQmVikXiQU9j6oZ4KFjACNZGcvsh1iPPS+9nj35pUK7YVXsOtEqcnFQgR3NQ/ur7EUlCKjThWKmeY8faTbHUjHA6K/UTRWNMxnhIe4YKHFLlpvPQM3RmFB8FkTRPaDRXf2+kOFRqGnpmMguplr1M/M/rJTq4clMm4kRTQRaHgoQjHaGsAeQzSYnmU0MwkcxkRWSEJSba9JSV4Cx/eZW0L6pOvVq7q1Ua13kdRTiBUzgHBy6hAbfQhBYQeIJneIU3a2K9WO/Wx2K0YOU7x/AH1ucPcd+R5Q==</latexit>

Rd

Implicit rank-minimizing autoencoder with weight-decay (IRMAE-WD)

Zeng & G. ArXiv 2023
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Dimension vs domain size: Kuramoto-Sivashinsky

<latexit sha1_base64="dAzfcjuIw6OtC3N2aJ7pOUNICOI=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5CUBshaGNhEcF8QHKEvc1esmR379jdE8KRv2BjoYitf8jOf+NecoUmPhh4vDfDzLwg5kwb1/12CmvrG5tbxe3Szu7e/kH58Kito0QR2iIRj1Q3wJpyJmnLMMNpN1YUi4DTTjC5zfzOE1WaRfLRTGPqCzySLGQEm0y6v67VBuWKW3XnQKvEy0kFcjQH5a/+MCKJoNIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepxIJqP53fOkNnVhmiMFK2pEFz9fdEioXWUxHYToHNWC97mfif10tMeOWnTMaJoZIsFoUJRyZC2eNoyBQlhk8twUQxeysiY6wwMTaekg3BW355lbRrVe+iWn+oVxo3eRxFOIFTOAcPLqEBd9CEFhAYwzO8wpsjnBfn3flYtBacfOYY/sD5/AEK242Y</latexit>

L = 22

<latexit sha1_base64="umEXTu3ZGjo6CMlX2z4qTr8nh6M=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0kkVC9C0YsHDxVMW2hD2Ww37dLNJuxuhBL6G7x4UMSrP8ib/8ZNm4O2Phh4vDfDzLwg4Uxp2/62SmvrG5tb5e3Kzu7e/kH18Kit4lQS6pGYx7IbYEU5E9TTTHPaTSTFUcBpJ5jc5n7niUrFYvGopwn1IzwSLGQEayN599euWxlUa3bdngOtEqcgNSjQGlS/+sOYpBEVmnCsVM+xE+1nWGpGOJ1V+qmiCSYTPKI9QwWOqPKz+bEzdGaUIQpjaUpoNFd/T2Q4UmoaBaYzwnqslr1c/M/rpTq88jMmklRTQRaLwpQjHaP8czRkkhLNp4ZgIpm5FZExlphok08egrP88ippX9SdRt19cGvNmyKOMpzAKZyDA5fQhDtogQcEGDzDK7xZwnqx3q2PRWvJKmaO4Q+szx9F8I2w</latexit>

L = 44

<latexit sha1_base64="vrJSqhWm6eHF4K6wU7G8vJI4Rn0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRC9C0YsHDxVMW2hD2Ww37dLNJuxuhBL6G7x4UMSrP8ib/8ZNm4O2Phh4vDfDzLwg4Uxp2/62SmvrG5tb5e3Kzu7e/kH18Kit4lQS6pGYx7IbYEU5E9TTTHPaTSTFUcBpJ5jc5n7niUrFYvGopwn1IzwSLGQEayN599euWxlUa3bdngOtEqcgNSjQGlS/+sOYpBEVmnCsVM+xE+1nWGpGOJ1V+qmiCSYTPKI9QwWOqPKz+bEzdGaUIQpjaUpoNFd/T2Q4UmoaBaYzwnqslr1c/M/rpTq88jMmklRTQRaLwpQjHaP8czRkkhLNp4ZgIpm5FZExlphok08egrP88ippX9Qdt954aNSaN0UcZTiBUzgHBy6hCXfQAg8IMHiGV3izhPVivVsfi9aSVcwcwx9Ynz9MBo20</latexit>

L = 66

<latexit sha1_base64="hrsH0/rlJGjHIjm8YsoTIax71E8=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe4kaBohaGNhEcF8QHKEvc1esmR379jdE8KRv2BjoYitf8jOf+NecoUmPhh4vDfDzLwg5kwb1/12CmvrG5tbxe3Szu7e/kH58Kito0QR2iIRj1Q3wJpyJmnLMMNpN1YUi4DTTjC5zfzOE1WaRfLRTGPqCzySLGQEm0y6v67XB+WKW3XnQKvEy0kFcjQH5a/+MCKJoNIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepxIJqP53fOkNnVhmiMFK2pEFz9fdEioXWUxHYToHNWC97mfif10tMWPdTJuPEUEkWi8KEIxOh7HE0ZIoSw6eWYKKYvRWRMVaYGBtPyYbgLb+8StoXVe+yWnuoVRo3eRxFOIFTOAcPrqABd9CEFhAYwzO8wpsjnBfn3flYtBacfOYY/sD5/AEdEY2k</latexit>

L = 88

• We apply our method to the Kuramoto-Sivashinsky Eq. for 
increasingly large domain sizes of L=22, 44, 66, 88

Ø We achieve accurate & precise estimates for larger domain 
sizes L and demonstrate linear scaling in manifold dimension 
[1]

Ø Can use for dynamic model as above
[1]: Yang, PRL 2009

*avg, std of 5 models
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What’s next?

Ø More complex systems
Ø Improved methods to estimate manifold dimension and representation (TDA 

tools, improvements over simple clustering) 
Ø Distributed/hierarchical models for systems with multiscale dynamics
Ø Approximate methods for dynamics with very high dimension – keep the 

“thick” directions, model the “thin” ones
Ø Building more physics into data-driven reduced-order models
Ø Improved robustness for IRMAE-WD in high-dimensional ambient spaces
Ø Data-driven modeling of microstructure and stress in flowing complex fluids: 

dynamic symmetry – material frame indifference
DManD predictions of x-ray scattering pattern along a streamline
Young et al Rheol Acta 2023

DmanD model of sedimenting flexible fiber 
(black – true, red – 4D DManD model) 

KSE dynamics with large scale forcing:
hierarchical AE/NODE

True (d=500)

Model prediction (d=150)
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